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Abstract

A semi-analytic solution is presented for the solidification of laminar circular Couette flow within a one-dimensional annular
region with a rotating outer cylinder and stationary inner cylinder. Viscous dissipation in the liquid is taken into account. Closed-
form expressions for the dimensionless temperature distribution in the solid and liquid regions, Nusselt number at the solid-liquid
interface, dimensionless power and torque per unit length, dimensionless steady-state freeze front location, and dimensionless
pressure distribution in the liquid are derived as a function of liquid-to-solid thermal conductivity ratio, Brinkman number, annulus
radius ratio, and Stefan number, which is assumed to be small (<0.1) but non-vanishing. The instantaneous dimensionless solid—
liquid interface location is determined using numerical integration. The results show that the power and torque requirements can
increase by a factor of greater than seven for a thin-gap annulus (radius ratio >0.9). It is also shown that the size of the liquid region
within the annular gap has a more controlling influence on the solidification rate at latter times (when the Brinkman number is small)
while a Brinkman number of order unity has a dominant influence at earlier times. © 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction

Fluid flows undergoing melting or solidification have been
the subject of researchers due to potential applications in
manufacturing processes (e.g., extrusion), fluidized beds of
granular polymers, low-temperature viscometers, freeze
blockage of liquids in pipes, circular and annular thrust
bearings, and others (Pearson, 1976; Griffin, 1977, Cheung
and Epstein, 1984; Slocum, 1992). These fluids typically ex-
hibit Newtonian as well as non-Newtonian behavior (Bird et
al., 1960; Luelf and Burmeister, 1996). Analytic or semi-an-
alytic solutions to flows that exhibit Couette or Couette-like
behavior such as purely shear-driven flows and near-wall
turbulent flows with solid-liquid phase change have appeared
sparsely in the literature. Researchers in crystal growth have
investigated the effects of shear flows on directional solidifi-
cation and have shown that the solidification rate plays a
major role in determining the morphology of the solid-liquid
interface and subsequent crystal formation (Huang et al.,
1993).

While a majority of the investigations on parallel and cir-
cular shear flows with solid-liquid phase change have been
experimental, few have been treated analytically. In fact, most
analytical treatments have only been applied to semi-infinite
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domains. For example, Pearson (1976) presented a similarity
solution and Griffin (1977) used an integral energy balance
method to study two-dimensional, steady-state, non-Newto-
nian melting in the vicinity of a semi-infinite moving flat plate.
Huang (1984) studied the transient Couette flow problem with
viscous heating and used a combination of the similarity
technique and Green’s function to derive a closed-form solu-
tion for one-dimensional, Newtonian melting of a semi-infinite
solid by a moving hot wall.

Taylor—Couette flow or flow between two infinitely long
coaxial cylinders in relative motion has been investigated
extensively to characterize the mechanisms that cause the
instabilities that lead to the formation of Taylor vortices
(Koschmieder, 1993). Schlichting (1968) showed that for
tangential flow in an annulus (circular Couette flow) the
transition Reynolds number reaches a minimum of about
50,000 when the dimensionless annulus thickness is about
0.05, corresponding to an annulus radius ratio of approxi-
mately 0.95, after which and before which the transition
Reynolds number increases. The literature on Taylor—Couette
flow and circular Couette flow is vast, particularly from the
perspective of flow stability. Since flow stability is beyond the
scope of the present work, a review of literature pertaining
thereto is unwarranted as the Reynolds number in the present
work will always be much less than the critical value, thus
ensuring laminar flow.

In this paper, a semi-analytic solution is presented for one-
dimensional freezing of laminar, circular Couette flow within a
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Notation Greeks
o thermal diffusivity

Br Brinkman number B annulus radius ratio

¢ specific heat 0 solid-liquid interface location

h convective heat transfer coefficient A dimensionless solid-liquid interface location

hy latent heat of fusion y liquid-to-solid thermal conductivity ratio

k thermal conductivity n dimensionless coordinate location

Nu Nusselt number M dynamic viscosity

P power 0 dimensionless temperature

P power per unit length T dimensionless time or Fourier number

p dimensionless liquid pressure difference w angular speed of outer cylinder

© liquid pressure v solid-to-liquid thermal diffusivity ratio

r coordinate location

R inner radius of annulus Subscripts

R, outer radius of annulus 1 referred to liquid region

Ste Stefan number m referred to solid-liquid interface conditions

t time 0 referred to outer cylinder or temperature on inner

T temperature cylinder

3 torque s referred to solid region

R torque per unit length ss referred to steady-state conditions

u velocity component in azimuthal direction

U dimensionless velocity component in azimuthal

direction

finite annular region with viscous dissipation in the low Stefan t © — ©m (wR,)’
number limit. A rotating outer cylinder (with stationary inner T R o’ PR k(Tn—Tp)’
cylinder) induces the shear-driven motion in the liquid region.
Closed-form expressions for the quasi-steady temperature y= k ¥ = %’ B = Ri Ste — (o — 7o) ’ (1)
distributions in the solid and liquid regions are derived, and kg’ o R,’ hst

the instantaneous location of the solid-liquid interface is ob-
tained through numerical integration. In addition, expressions
for the Nusselt number at the solid-liquid interface, dimen-
sionless power (and torque) per unit length, and pressure dis-
tribution in the liquid are all derived as a function of pertinent
dimensionless parameters. It is shown that the semi-analytic
solution reduces to a known classical result in the appropriate
asymptotic limit.

2. Problem formulation

A one-dimensional region of thickness (R, — R;) is illus-
trated in Fig. 1. The motion of the liquid in the annular region
is assumed to be laminar and is shear-driven by an outer cyl-
inder rotating at constant speed w. The surface of the outer
cylinder is assumed to be adiabatic, and the liquid is consid-
ered an incompressible, Newtonian fluid. The liquid is initially
at or above its fusion temperature T;, according to a prescribed
distribution 7; = 7i(r,¢ < 0), and the inner cylinder is suddenly
cooled isothermally to a temperature 7,, which is maintained
below the liquid’s fusion temperature. As a result, an axially
symmetric freeze front propagates from the inner cylinder to
the outer cylinder. Additional assumptions include: (1) all
thermophysical properties are constant, (2) the flow field is
unaffected by the growing solid layer, (3) the solid-liquid in-
terface is sharp as phase change takes place at a distinct tem-
perature, and (4) there is no motion due to density change (i.e.,
Ps = P 1)’

After introducing the following dimensionless parameters
into the one-dimensional momentum and energy equations,
including viscous dissipation,

u 7 92T7T07
Tmeo

where 1 is the dimensionless time or Fourier number, Br is the
Brinkman number, f is the annulus radius ratio, and Ste is the
Stefan number, the solution for the velocity distribution in
the liquid region is derived as (assuming no-slip conditions at
the solid-liquid interface)

_’.8

Solid Region - y | _ Liquid Region

\Rotating about axis at
constant speed ©

R;

—

! ]
i :
i N
! o}
Isothermal -

Cylinder

Adiabatic
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Fig. 1. Schematic model and nomenclature of circular Couette flow
region undergoing solidification with rotating outer cylinder and sta-
tionary inner cylinder.



C. Mackie et al. | Int. J. Heat and Fluid Flow 22 (2001) 473—479 475

1 —lawP
Wmﬂ—n{l_wﬁw}~ @

Subsequently, U(n, ) is used to determine the dimensionless
temperature distribution in the liquid region via the dimen-

sionless energy equation
30, 10 [ 20, o (U\]’
it it} Brin—|( =
ot nan("an)+ r{"an(nﬂ )
or, by substituting Eq. (2)
LD (I, e
ot non "an (1_A2)2 A

Eq. (4) is subject to the initial condition

-0 2 fu(E) o (3 g)]

and boundary conditions

00,
on

v

=0and O(n=4",7) = 1. (6)

n=1

Integrating the quasi-steady form of Eq. (4), subject to Eq. (6),
results in

_ mwm4[ {Mﬂ?
01(n,7) = 5 | In >
{1-1er} "

1 1
+{—[A(r)]2_11_2}} +1. (7)

The transient term in Eq. (4) is neglected due to the low value
of the liquid-side Stefan number, which is explained as follows.
First, it is observed that the maximum liquid temperature 7j,,x
is at the adiabatic boundary (3 = 1), and occurs at steady state,
which reduces Eq. (7) to

+1, (8)

Imax —

4
Bra®, {
2 2
(1 — ASS)
where 0| ., corresponds to 0, evaluated at Tjn.,, which occurs

under steady-state conditions. Accordingly, the liquid-side
Stefan number is defined as

Tmax - T;n

Stey = AT = Tn). (9)
hsf

Then, using the definition of the solid-side Stefan number (Eq.

(1)), the ratio of liquid-to-solid-side Stefan number can be

expressed as

Stel 7& (Tlmax — Tm)

1
21nASS+A—2—1

SS

Stey ¢ Tw — T,
C Tlmax_To q
=—| ————=1 ) =—(Ojmax — 1). 10
(T 1) = L) (10)

Using Eq. (8), this ratio reduces to

A2 1
S’e‘:Br(ﬁ) s (2mag+——1]]. (11)
Steg Cs (l — A?s) Ass

Through the use of L’Hospital’s rule, the quantity within the
brackets in Eq. (11) approaches a maximum value of 1/2 as
Ass approaches its limiting value of unity. This is corroborated
in Fig. 2, which is a plot of the bracketed term in Eq. (11) as a
function of 4. Note that this bracketed term is exactly
(Oimax — 1)/Br and will always be less than unity. In this
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Fig. 2. Graphical illustration of the bracketed term in Eq. (11) as a
function of dimensionless steady-state freeze front location.

study, the Brinkman number will be of order unity or several
orders of magnitude less than unity while the liquid-to-solid
specific heat ratio will remain of order unity. As a result, the
liquid-side Stefan number will always be of the same order of
magnitude or less than the solid-side Stefan number. In what
follows, the solid-side Stefan number is assumed to be small
but non-vanishing, which also applies to the liquid-side Stefan
number. Therefore, the sensible heat contributions on both
the solid and liquid sides are neglected. Alexiades and Solo-
mon (1993) show that when the Stefan number is less than
about 107!, the quasi-steady approximation gives excellent
results.

The dimensionless one-dimensional temperature distribu-
tion in the solid region is described by the heat diffusion
equation, expressed in dimensionless form as

a0, 10 do
i () "

subject to the initial condition

OS(n,r—O)—[lL'[;;]z{ln<g—z)+(#—%)} +1 (13)

and boundary conditions
Os(n=p,7)=0 and O(n=4",17)=1. (14)

The corresponding Stefan condition is given by (Alexiades and
Solomon, 1993)

w| o
on / on

1 d4

n=4- n=4"

and an approximate analytical solution to the present problem
is possible when solidification is assumed to progress in a
quasi-steady manner, which is valid in the limit of low Stefan
numbers. Therefore, the solution to the quasi-steady form of
Eq. (12), subject to Eq. (14), is

_In[n/p]
“ W@/ (16

As a result, the Stefan condition becomes

0(n,7)
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1 Brd_1.d4
Aln(4/B) 1—4> Ste dt’

which is separated and integrated as follows:

/A A,(l _ A,z) [111 <A//ﬁ)] da’' = Ste/T dr’. (18)
B o

1 — 47 —2yBrA”In (4'/p)

The left-hand side of Eq. (18) is subsequently integrated nu-
merically using a known technique (e.g., Composite Trape-
zoidal Rule) to obtain the instantaneous dimensionless freeze
front location as a function of the dimensionless parameters 7,
Br, , and Ste.

Note that as the freeze front moves towards the outer cyl-
inder, the amount of viscous heating increases due to in-
creasing shear stress, which increases the liquid-side heat flux
at the solid-liquid interface. As a result, the solidification rate
decreases and eventually reaches zero (steady-state) when the
liquid-side heat flux exactly balances the solid-side heat flux.
This steady-state condition can be expressed mathematically as

1L pBray (1—42)
In(4s/B) 1—4% A% In (4s/B)

Figure 3 is a convenient graphical representation of Eq. (19),
which is shown for selected annulus radius ratios. This figure
shows the permissible range, with respect to the steady-state
freeze front location, of the product of the liquid-to-solid
thermal conductivity ratio and Brinkman number.

Within the framework of the present model, there are some
other quantities of interest, namely the Nusselt number at the
freeze front, derived to be

(17)

= 2yBr. (19)

hR, q"R, ~1 00,
Nu = —_ 2% 9 1)1
" kl kl(Tmax - Tm) ( tmax ) 611 n=4"
2BrA —1
:m(()]max—l) = Nu
2
24 1— 42
_ S . ( bS) . , (20)
1—4 ASS(ZlnASSJrl/A;Sfl)
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Fig. 3. Variation of dimensionless steady-state solid-liquid interface
location as a function of the product of liquid-to-solid thermal
conductivity ratio and Brinkman number for selected annulus radius
ratios.

which is explicitly independent of Br. Therefore, with this
definition, the Nusselt number derived above [Eq. (20)] can be
used to characterize heat transfer problems with or without
viscous dissipation (Br = 0). Furthermore, the power (per unit
length L) required to maintain the outer cylinder in motion at
constant angular speed, which is a function of the shear stress
on the outer cylinder, is of interest and is given by

0 /u
P = oR, / T,_r.dA4 = ORy(2nR,L) {ra (—)}

r

r=Ro
P o /U I
P =—=2n0"Ruln—|— s
A A °M[n on ( n )L:l 7 Dnp R
24°
-2 (1)
It is observed that Egs. (20) and (21) are related by
A max — 1 P 247
Nu(6; ) _ _ . (22)
Br 2npa’R: 1 — 4

Another quantity that is often of interest is the torque, J, re-
quired on the outer cylinder, which is related to the power by

P=3wor P =JFw (23)
and the dimensionless torque per unit length results
3 24°

- 2%
2npuwR?: 1 — A%’ 24)

which is the exact form of the expression found in Kosch-
mieder (1993) and Schlichting (1968), only the inner boundary
is not fixed but is a function of time according to A(t).

Lastly, it is important to characterize the changes in the
pressure distribution in the annular region due to motion of
the freeze front. Therefore, the pressure distribution in the
liquid region is described by a radial-direction momentum
balance, expressed in dimensionless form as

o U 2
o n
which, physically, is a balance between the radial pressure
force and the opposing centrifugal force. The dimensionless
boundary condition for pressure is taken at the solid-liquid
interface where thermodynamic equilibrium conditions are

assumed to prevail. As a result, the solution to Eq. (25) is given
by

=3 (5 (G- () ()] e

which is obtained by arbitrarily taking the dimensionless
pressure difference at the freeze front p,, to be zero.

(25)

I

3. Results and discussion

The integral given by Eq. (18) reduces to a known classical
form when the liquid medium is everywhere stationary
(Br — 0), which when integrated results in
% AIn(4/p) - % (4> = B)| = Ste-x, (27)
which is exactly the non-dimensional form of the quasi-steady
solution to outward freezing of a fluid in an annulus due to
imposed temperature on the inner cylinder found in Alexiades
and Solomon (1993). In Fig. 4, the solution obtained by nu-
merically integrating the left-hand side of Eq. (18) by the
Composite Trapezoid Rule (Fausett, 1999) is superimposed on
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Fig. 4. Comparison of the solution obtained by numerical integration
(quasi-steady conditions) to the local similarity solution of Aziz and
Lunardini (1991) for the temporal variation of the dimensionless freeze
front location at Br = 0 (stationary outer cylinder) and Ste = 107!,

the local similarity solution of Aziz and Lunardini (1991). This
exercise is performed to gain confidence in and to ensure ac-
curacy of the numerical integration technique. The Stefan
number is fixed at 0.1 and the Brinkman number is held at
zero, which corresponds to a stationary outer cylinder and no
corresponding circular shear flow. As shown in the figure, the
solution obtained by numerical integration for the instanta-
neous freeze front location gives excellent results. The maxi-
mum error is less than one percent. Furthermore, the local
similarity method used by Aziz and Lunardini (1991) for
outward cylindrical freezing with constant wall temperature
showed accurate results when compared to the numerical so-
lution obtained by Bell (1979).

The time variation of the instantaneous normalized di-
mensionless freeze front location is shown in Fig. 5 for
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Fig. 5. Temporal variation of the ratio of instantaneous dimensionless
freeze front location to steady-state dimensionless freeze front location
and Nusselt number at the freeze front for selected radius ratios.

Brinkman number of unity (Br = 1) and for annulus radius
ratios of f=0.5 (wide-gap annulus) and f = 0.9 (thin-gap
annulus). The normalization is with respect to the steady-state
dimensionless freeze front location, which is calculated to be
Ay = 0.8405 and 0.9743 for radius ratios of 0.5 and 0.9, re-
spectively. The variation of the instantaneous Nusselt number
at the freeze front is also plotted in the figure. In this paper,
the time that it takes from the start of solidification
(Ste - T = 0) to immobilization of the freeze front at steady-
state conditions will be called the neutral freeze time (NFT)
(NFT = Ste - tnrr)- A significant effect of circular shear flow
and annular gap on the NFT can be observed in Fig. 5. The
presence of circular shear flow extends the NFT due to vis-
cous dissipation in the liquid region, which results in higher
temperature gradients in the liquid, particularly at the solid—
liquid interface. In fact, the NFT is extended from
1.591 x 10! to 6.147 x 10~' (a factor increase of about 3.86)
for f=0.5 while for f=0.9, the NFT is increased from
5.17 x 1073 to 1.23 x 1072 (a factor increase of about 2.4)
when compared to results obtained for the stationary outer
cylinder case (Br = 0). The root cause of the extended NFT is
due to the sharp rise and subsequent flattening of the interface
Nusselt number, which is attributed to an increase in viscous
heating as the interface approaches its steady-state location.
In the figure, the Nusselt number increases from its initial
value of about 3.38 to its steady-state value of approximately
14.5 (a factor increase of about 4.2) and from 19.75 to 70.4 (a
factor increase of about 3.5) for radius ratios of 0.5 and 0.9,
respectively.

Figure 6 illustrates the instantaneous normalized dimen-
sionless power per unit length required to maintain the rota-
tion of the outer cylinder at constant speed for Brinkman
number of unity and for selected radius ratios. The normal-
ization is with respect to the initial power per unit length just
before freezing starts. This normalization is performed so that
the effect of solidification on the power characteristics can be
directly observed. Superimposed on the figure is the dimen-
sionless power per unit length. It is observed that the power
requirement increases by a factor of up to approximately 7.2
for a radius ratio of 0.5 while the power requirement increases
by a factor of up to about 3.85 at a radius ratio of 0.9.
However, note that the actual (not normalized) dimensionless
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Fig. 6. Temporal variation of the ratio of instantaneous power per
unit length to initial power per unit length for selected radius ratios.
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power per unit length is higher throughout the entire freeze
period for the thin-gap annulus (f = 0.9) than for the wide-gap
annulus (f =0.5), as expected. In fact, the dimensionless
power per unit length reaches a maximum value of about 4.8
for f=0.5 and a maximum of approximately 32.89 for
p=0.9.

The instantaneous dimensionless maximum liquid temper-
ature and pressure, both of which are located on the adiabatic
boundary, are plotted in Fig. 7 for Brinkman number of unity
and for radius ratios of 0.5 and 0.9. It is first observed that the
temperature increases and the pressure decreases as the freeze
front progresses. This is observed for both representative ra-
dius ratios. In fact, the temperature and pressure profiles are
direct geometric reflections of each other. However, the re-
flection is more pronounced for the wide-gap annulus
(p = 0.5). Note that these reflections agree with one’s physical
intuition regarding the temperature—pressure relationship
among liquids under centrifugal forces. That is, as the liquid’s
temperature is raised due to increased viscous dissipation as
the freeze front progresses, the liquid’s density is lowered, re-
sulting in smaller centrifugal forces. This, in turn, leads to
smaller opposing radial pressure forces. In the figure, it is
observed that the dimensionless maximum temperature in-
creases from about 1.18 to approximately 1.4 and the dimen-
sionless maximum liquid pressure decreases from
approximately 2.17 x 107! to about 5.77 x 1072 (a factor de-
crease of about 3.76) for a radius ratio of 0.5. On the other
hand, for a radius ratio of 0.9, the dimensionless maximum
temperature increases from about 1.43 to approximately 1.48
and the dimensionless maximum liquid pressure decreases
from approximately 3.5 x 1072 to about 9.87 x 10~ (a factor
decrease of about 3.5).

With the annulus radius ratio fixed at 0.5 and the Brinkman
number held at unity, the velocity and pressure distributions
across the annular gap before solidification starts and after the
NEFT is reached are shown in Fig. 8. The figure shows that for
the wide-gap annulus, the initial velocity distribution is non-
linear, as expected. However, the final velocity distribution is
linear since the progressing freeze front makes the liquid gap
smaller, which is the limiting case of planar Couette flow. This
behavior is not observed with the pressure distribution. In fact,
the pressure distribution remains non-linear, initially and after
the NFT is reached. In either case, the dimensionless velocity
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Fig. 7. Temporal variation of the maximum liquid temperature and
pressure for selected radius ratios.
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across the liquid region.

increases from zero at the solid-liquid interface to its maxi-
mum value of unity at the outer cylinder whereas the dimen-
sionless pressure increases from zero at the freeze front to its
maximum initial value of 2.17 x 10~' and maximum final va-
lue of 5.77 x 1072,

Figure 9 illustrates the effect of Brinkman number
(Br =0.01, 0.1, and 1) on the dimensionless solidification rate
and Nusselt number at the freeze front for a fixed annulus
radius ratio of 0.5. It is observed that for smaller Brinkman
numbers (Br = 0.01 and 0.1), there is no significant difference
(except for Br = 1) in the freeze rates, except at latter times
when the Nusselt number increases sharply (especially for
Br = 0.01) due to close proximity of the solid-liquid interface
to the outer cylinder. This is important because the annular
liquid gap appears to be the controlling parameter in terms of
characterizing heat transfer at the solid-liquid interface. Note
that in all cases, the freeze rate decreases throughout the entire
freeze period and eventually reaches zero when steady state is
reached. Another observation is that increasing the Brinkman
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Fig. 9. Temporal variation of the dimensionless solidification rate and
Nusselt number at the freeze front for selected Brinkman numbers.
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number increases the NFT since the increased viscous heating
slows the motion of the interface earlier in the freeze cycle
when the liquid gap is larger. In fact, for Br = 1, the interface
Nusselt number is larger than the interface Nusselt numbers
corresponding to Br=0.01 and 0.1 up until around
Ste -7~ 6 x 1072, after which the interface Nusselt number
corresponding to Br = 1 begins to flatten out to its maximum
value of approximately 15. On the other hand, after about
Ste - 1= 6 x 1072, the interface Nusselt numbers correspond-
ing to Br=0.01 and 0.1 increase sharply until they start to
level off to their maximum values of about 712 and 80,
respectively.

4. Conclusions

A semi-analytic solution was presented for one-dimensional
freezing of laminar Couette flow within an annular region with
a rotating outer cylinder and stationary inner cylinder. The
effect of viscous dissipation in the liquid was taken into ac-
count. Analytical expressions for the dimensionless tempera-
ture distribution in the solid and liquid regions, Nusselt number
at the freeze front, dimensionless power and torque per unit
length, dimensionless steady-state freeze front location, and
dimensionless pressure distribution in the liquid were derived as
a function of liquid-to-solid thermal conductivity ratio,
Brinkman number, annulus radius ratio, and Stefan number.
The instantaneous dimensionless freeze front location was de-
termined using numerical integration. The solution demon-
strated that a known classical result could be obtained in the
appropriate asymptotic limit. The results also showed that the
power and torque requirements increased by a factor of up to
seven due to the solidifying circular Couette flow. It was also
shown that the presence of viscous dissipation extended the
freeze time by almost a factor of four for the wide-gap annulus
and a factor of almost 2.5 for the thin-gap annulus.
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